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For an odd prime p. let I(p) denote the least positive prime which is a quadratic 
residue modulo p. An elementary proof is given of the following: For p = 3 mod 8 
andp~3,I(p)=(p+1)/4ifftheclassnumberh(~p)=I. 1’ 1986 Academic Press. Inc. 
Let p be an odd prime. Then I(p) is, by definition, the least positive 
prime q such that the Legendre symbol (q/p) equals 1. Thus for example 
I( 3) = 7 and l(5) = 11. For primes larger than 5, it follows from the results 
in this paper, that I(p) <p. It is well known from the work of Gauss, that if 
prl (mod8)orp=7(mod8), thenf(p)=2. 
By consideration of all cases, the reader may verify that I(p) = (p + I )/4 
for p = 11, 19, 43, 67, and 163. Using the well-known results of Stark and 
Baker proving the famous conjecture of Gauss on discriminants of a binary 
quadradic form with class number 1, it follows that for a prime p larger 
than 3 and congruent to 3 module 8, if the class number h( -p) = 1, then 
[(p) = (p + 1)/4. We give elementary (i.e., using results that can be found in 
[ 1 ] ) proofs of this fact and its converse, which avoid quoting the results of 
Baker and Stark. 
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PROPOSITION. Let p be u prime. If‘ p > 5 urld p z 5 (mod 8). ~1~ 
QPK&. 
Pro@ Since p = 5 (mod 8 ), there are integers u and h such that LI is 
odd, b is even, and p =a2 + h’. Further 4 j h: For if 41b, then h’ G 0 
(mod 8). Since a is odd, a2 = 1 (mod 8). Then p = uz + h2 E 1 (mod 8) con- 
trary to p E 5 (mod 8). 
Then since p > 5, either a or b must have an odd prime factor g. Then p 
is congruent to a square modulo g, i.e., (p/g) = 1. Since p = 1 (mod 4), 
(g/p)=l. Then l(p)dg<&. 
THEOREM. Let p be a prime such that p > 3 and p E 3 (mod 8). !f’ the 
class number h( -p) > 1, then l(p) < J’& 
ProoJ: Since h( -p) > 1, there must be a reduced binary quadratic form 
(bqf) ax2 + bxy + c$ with discriminant h’ ~ 4ac = -p and a > 1. To see 
this recall the following: A bqf is reduced just in case 1 hi < u 6 c. Two forms 
are equivalent just in case there is a unimodular transformation from one 
form to the other. The number of inequivalent reduced forms with dis- 
criminant -p is h( -p). Thus .K’ f .xy + (p + y)y2/4 are the only reduced 
forms with discriminant -p and a = 1 and they are equivalent. 
Since p = 3 (mod 8), ~1 must be odd: For if 21~ then 4ac E 0 (mod 8), so 
6’ = -p = 5 (mod 8) which is impossible. 
Also a < m: From b2 -4uc= -p, p + b’= 4uc. Since lhl <a 6 c, 
p + a2 >p + b2 = 4ac > 4a’. Then p > 3~‘. 
Finally it is shown that for every prime divisor g of u, (g/p) = 1: Since 
b’-4ac= -p? b’+p=O (modg), so (-p/g)=(g/p)= 1. 
THEOREM. Let p be a prime such that p > 3 und p = 3 (mod 8 ). Ij’ the 
class number h( -p) = 1, then f(p) = (p + 1)/4. 
ProoJ Since p = 3 (mod 8) (p + 1)/4 must be an integer. If (p + 1)/4 is 
not a prime, then since p > 3, (p + 1)/4 = ac, where a and c are integers 
such that 1 <ad c. Then ax’ + XJ + c$ is a reduced bqf with discriminant 
-p which is not equivalent to the form X’ + XY + (P + 1) Y2/4. This is 
contrary to h( -p) = 1. Therefore (p + 1)/4 must be a prime. 
Now let q be an odd prime no larger than (p - 3)/4. It follows from the 
law of quadratic reciprocity that if (q/p) equals 1, then ( -p/q) also equals 
1. So there are integers u and m such that u2 +p= qm. Since 
u2 = (q - u)‘(mod q) without loss of generality u may be taken to be odd. 
Then 4/u2 +p and u2 +p = 4qt for some integer t. Then qx’ + uxy + ty’ is a 
bqf with discriminant u’-4qt = -p. Since h( -p) = 1, the forms 
qx2 + uxv + ty2 and X2 + XY + (p + 1) Y2/4 must be equivalent and since 
equivalent forms represent the same numbers, there are integers i and i 
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such that q = i’ + ij + (p + 1 )j’/4. Then 4q = (2; +j)” + pj’. Since 
q 6 (p - 3)/4, j must be 0. Then q = i2, contrary to the primeness of q. 
Therefore (q/p) = - 1. 
Since [(p+ 1)/212= [(p+ 1)/4] (modp), (((p+ 1)/4)/p)= 1. Thus 
o)=(P+ 1)/4. 
COROLLARY. For p= 3 (mod 8) and p> 3, I(p) = (p+ 1)/4 iff 
h( -p)= 1. 
Prooj IfA-P)>l andp>3, thenI(p)<m<(p+l)/4. 
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